A bi-dimensional diffusion mathematical model is proposed to study mass transfer in hollow fiber used for the concentration of juices by osmotic distillation (OD).
Introduction
Osmotic distillation (OD) is a process that uses hydrophobic membranes to isolate feed liquid from a concentrated brine. Hollow fibers of cylindrical form are the most commonly-used membranes in OD. Commercial modules that group these fibers have been used in several experimental studies of juice concentration (Cassano and Drioli, 2007; Dincer et al., 2016; Hasanoǧlu et al., 2012; Vald es et al., 2009 ).
The importance of the OD as process lies on the fact that it enables to preserve and concentrate the nutritional properties of foods, and it decreases aromatic compound losses (Cisse et al., 2005; Vaillant et al., 2001) . OD is essentially a gas transport process through a membrane. This gas is composed by water vapor and other volatile compounds contained in the feed liquid (Dincer et al., 2016; Liguori et al., 2013 ). An osmotic agent with low water activity, also called extractant solution or brine, is used to generate a concentration gradient that causes gaseous-state mass transfer from the feed liquid. Several extractant have been studied; however, calcium chloride is the most used due to its low cost (Celere and Gostoli, 2005; Savaş Bahçeci et al., 2015) .
Mathematical models have been proposed to calculate transmembrane fluxes and concentrations in membrane separation processes (Rana et al., 2015 (Rana et al., , 2014 . The existing to describe and improve the OD process go from empirical correlations (Woods and Pellegrino, 2013) , simple mathematical models (e.g: resistance in series) (Ruiz Salm on et al., 2017) up to complex turbulent three dimensional models (Computational Fluid Dynamics, CFD) . The model of resistance in series of heat and mass transfer is one of the most used as was noticed by Rana and Matsuura (2010) .
Its application has previously been reported in the literature in simulations of heat and mass transfer for OD in noni juice (Vald es et al., 2009) . In this work was considered the thermodynamic phenomena of phase change and both heat and mass transfer to calculate the flow rates going through the membrane. The resistance in series model only utilizes the total transfer surface area, therefore does not consider membrane geometry or local velocity field. CFD tackles these two existing issues in the resistance in series model. CFD allows the study of local variations of velocity and temperature considering bi-dimensional and tri-dimensional membrane geometry.
CFD studies of the fluid dynamics on hollow fibers inside a commercial membrane module have demonstrated that the configuration of these modules does not yield homogeneous distributions of velocity along the surface of fibers (Kaya et al., 2014) . Therefore, it can be inferred that mass transfer has a different behavior in each fiber depending on the spatial location inside the module. Recent studies have modified the geometry of hollow fiber in order to increase the advection, and in this way, also improve mass transfer (Luelf et al., 2017; Motevalian et al., 2016) . These studies have shown the need to consider the local velocity field on the fiber to improve mass transfer calculation. The above-mentioned studies consider the vapor water diffusion coefficient in the air to calculate the mass flow through the fiber. This is common practice, but it constitutes a source of error, because the evaporating gas does not only contain water, but also other volatiles compounds, such as polyphenols. Additionally, the diffusion coefficient may vary during the OD process because of concentration changes in both the feed liquid and the brine. In order to improve the accuracy of the currently existing models, we proposes to incorporate an effective gas diffusion coefficient flowing through the membrane that varies along with the mass fraction of the liquid being fed. This effective diffusion coefficient can be calculated using an inverse problem, provided that the mass flow rates, which depend on the concentration in equilibrium in the membrane edges, are known. The calculation of phase equilibrium at the boundaries liquid-gas (feed-membrane) and gas-liquid (membrane-extractant) is rather complex. Models such as the Analytical Solutions of Groups (ASOG) (Correa et al., 1997) and UNIFAC (Peres and Macedo, 1999) have been proposed to predict the phase equilibrium by water activity calculation for brine solution and for aqueous sugar solutions, respectively. To improve the calculation and analysis of the OD process, this article proposes a new algorithm that groups three calculation methods. The methods used are presented in what follows.
i. In order to obtain the membrane boundary conditions, the UNIFAC and ASOG methods were used. These methods make it possible to find at each control volume the concentration of gas and liquid in the equilibrium on both sides of the membrane at each time step.
ii. In order to calculate the diffusion of the mixture of gases through the membrane, an iterative algorithm to find the effective diffusion coefficient at each time step was developed. The algorithm is supplied by the mass flow rates calculated with the water mass convection equation from the inside of the fluid to the edge of the membrane. The liquid mass fraction that evaporates on this edge is calculated considering the liquid-gas phase equilibrium (ASOG and UNIFAC) in the edges of the membrane.
iii. In order to consider the local effect that different velocity fields have over the surfaces of the hollow fiber in the mass distribution inside of the membrane, a diffusion bi-dimensional mathematical model was solved by using FVM (Patankar, 1991) .
A test case of concentration of cranberry juice by OD was performed. The calculated numerical results were then compared to the resistance in series model obtained from previous studies. To demonstrate the applicability and precision of the algorithm developed, three non-uniform velocity fields were applied on the surface of the membrane. These results allowed us to study the distribution of the concentrations inside the membrane produced by non-uniform velocities at the edges.
Model
Fig . 1 shows the physical geometry used in this study, which corresponds to a hollow fiber of cylindrical shape located inside of a membrane module. The brine flows through the inner side of the fiber (zone 3 in Fig. 1c ) while the feed (juice) flows outside of it (zone 1 in Fig. 1c ). The mass transfer through the hydrophobic membrane occurs due to a phase change liquid-gas (zone 2 in Fig. 1c ). The simulation in the current study was conducted on a single hollow fiber. The dimensions of the hollow fiber used in this study can be found in Table 1 .
Theory/calculation
The physical layout presented in Fig. 1c can be modelled by an unsteady bidimensional mathematical model in polar coordinates. The corresponding equation can be expressed as:
where the diffusion coefficient DwaðX s ; pÞ corresponds to the capacity of the water vapor and volatile compounds (gas) to spread through the membrane as function of the mass fraction of gas inside the membrane (X s ) and the osmotic pressure (p), and where r is the hollow fiber radius, and q is the angular coordinate. In order to calculate an effective diffusion coefficient that includes porosity (ε) and tortuosity (t), the following equation is proposed:
where DwaðX 1 b Þ is the effective diffusion coefficient and X 1 b is the total suspended solid or brix degree in the feed. Initially, a constant concentration of gas X s ðx; q; 0Þ ¼ X 2 in ¼ 0 was considered inside the membrane. Water convective flux from the juice to the interphase with the membrane (Jw 1 ) and from the membrane interphase to the brine (Jw 3 ) are calculated with the following equations:
where r v;w is water vapor density at the corresponding temperature and the superscript (1) and (3) are the mass convection coefficient and the concentration in the feed and brine respectively. The mass fraction values X ð3Þ s;4 and X ð1Þ s;1 for brine and juice were obtained from ASOG and UNIFAC methods, respectively. In these methods, the properties are obtained considering a solution of saccharose for the juice, and a solution of CaCl 2 for the brine. In Eqs. (3) and (4), the values of the convection mass coefficient (h m ) were obtained from the Sherwood number (Sh).
The correlation suggested by Gabelman and Hwang (1999) was used for the juice flowing by the shellside of the membrane contactor:
The Eq. (5) was developed for a flow parallel to the fibers in close-packed fibers and when the Graetz number (Gz) is less than 60. The Sherwood number for the brine was estimated by Eq. (6).
This equation considers laminar flow conditions and it is applicable if the Schmidt number (Sc) ! 100 (Zambra et al., 2014) . 
Effective external surface area (m 2 ) 0.58
Methodology
The mathematical model is solved by the finite volume method (FVM) (Patankar, 1991) , which discretizes the general transport equation for a bi-dimensional diffusion transient model (for further details, see (Zambra and Moraga, 2013) ). The calculations were carried out with our own code written in Fortran. Tests were conducted by using meshes of 64 x 64 and 32 x 32 nodes, and at Dt ¼ 1 s and Dt ¼ 10 s time steps. Results showed that the relative errors were smaller than 1E-4 for the tested case (see section 5). Therefore, in all cases the used time step was 10 s and the mesh 32 x 32 nodes in r Â q direction. The local flow rate at the membrane interface (Jw t;FVM;r 1 ) was calculated directly from the code using the discretized equation:
It should be remembered that in accordance with the mass balance, the gas flux going into the membrane from the juice-membrane interphase has to be the same as the one coming out of the interphase membrane-brine. The numerical value of Jw t;FVM;r 1 , calculated by Eq. (8), has units of m s À1 , and therefore, it must be multiplied by the density of the gas (r v;w ) and divided by the flow area (A ext ) in order to calculate the global transmembrane flow in consistent units. In this study, the external area (A ext ) of the membrane is chosen arbitrarily to calculate the flow. Density is assigned the value of water vapor. Under these considerations, the global numerical transmembrane flow can be calculated with the following formula:
Analysis
In order to find errors between experimental or exact solutions and the obtained numerical results, the integral of each obtained curve was calculated by using the least square method. The integrals were calculated using the trapezoidal method of second-order accuracy. Thus, the relative error (RE) at time t is defined by the following equation (Zambra et al., 2015) : 
Calculation
An inverse method was used to obtain the diffusion coefficient. The calculation algorithms is summarized in Fig. 2 . These algorithms were supplied by the data of the water convective flux at the boundary (Jw 
where symbols w1, w2, l and a are adjustment coefficients.
The accuracy of the algorithm developed to calculate the values of the effective diffusion coefficient DwaðX ð1Þ b Þ depends on the precision of the numerical method. 
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In the next section, we study the accuracy of FVM to solve an approximate problem of diffusion in a cylinder.
Example
It is well-known that the classical finite volume developed by Patankar (1991) is highly accurate to solve problems when the pressure field is known or the main transport mechanism is diffusion. Given that one of the aims of this study is to find the effective diffusion coefficient with the best possible accuracy, results of a sensitivity test for a non-stationary, bi-dimensional mass diffusion in a cylinder are presented.
This case was chosen, because the simulation results can be compared to 1D exact solutions, and both geometrical and boundary conditions are similar to those used to solve the mass flux in hollow fiber membranes. A long cylinder with mass flux boundary conditions is considered. If initially the surface has a uniform concentration of X ð1Þ s;1 ðr 1 ; q; 0Þ ¼ X in , and it is suddenly immersed in a fluid which is under convection conditions, then the boundary condition at each time step may be expressed as:
where X b is the concentration of the fluid over cylinder, X
s;1 is the concentration at the surface of cylinder at time t, h m is the convection mass coefficient and Dwa is the diffusion mass coefficient. The equation to solve this problem in two dimensions is:
It is reasonable to assume one-dimensional diffusion in r-direction (infinite cylinder case L = r 1 ! 10) and an analytical solution may be found for the concentration profile in r-direction. For this unsteady diffusion problem the solution for the concentration profile is (Bergman et al., 2011) : The radius of the cylinder is 0.005 m. The results presented in Fig. 3a show small relative errors for all times. The maximum was found at 20000 s and RE ¼ 1.28E-3 (less than 0.13%). Fig. 3b shows that, for this case, the mass diffusion occurs in a radial direction and does not vary angularly, as expected.
The results shown in the previous case confirm that it is possible to obtain accurate results for unsteady diffusion problems in a cylinder with advection boundary conditions.
Results & discussion
The concentration of cranberry juice by OD was simulated and compared to experimental results obtained from previous work (Zambra et al., 2014) . A commercial membrane module of polypropylene was used for the experimental studies. Relevant characteristics for the simulations are listed in Table 1. The values on this table were used to obtain the global values of volume decrease and the variation of mass fraction in the juice and in the brine. These obtained values were used to compare the calculated results of this study with experimental results. The process variables were flow velocity (0.5 l min À1 , 1 l min À1 and 1.5 l min À1 ), initial brine concentration (33.13 %w/w and 39.6 %w/w) and temperature (30 C and 40 C). The viscosity values of the brine vary from 1.45E-3 Pa s to 6.55E-3 Pa s for a concentration range between 33.13 %w/w and 39.6 %w/w. For the cranberry juice a constant value of 0.9895 Pa s was used. The juice flows by the shellside (Zone 1 in Fig. 1c ) and the brine on the inner side (Zone 3 in Fig. 1c) . Initially, 0.25 l of juice and 1 l of brine were used. At each run, the test ends when the volume of the juice reaches 0.05 l.
The first study was carried out by applying a unique velocity field as boundary condition for the interface juice-membrane. The data in Table 1 was used to calculate the velocity with which the fluid flows on the inside of the module. This data was applied as homogenous boundary condition on the surface of the membrane. For example, volumetric flows of 0.5 l min À1 and 1.5 l min À1 create velocity fields of 1.13E-2 m s À1 and 8.89E-2 m s À1 on the external surface of the membrane, respectively. This velocity was used to calculate the Sherwood numbers (Eqs. (5) and (6)) and the fluxes in both sides of the membrane. Fig. 4 shows the calculated variation of the mass fraction of the juice and the brine, and it also compares the volume decrease calculated in this study for the juice to the experimental results obtained from the reference. Additionally, Fig. 4f , 4h, 4j and 4l include the numerical results that were calculated by using the classical resistance in series model (Zambra et al., 2014) . The RE between experimental and calculated values of the juice volume decrease were smaller than 5.6E-2 (5.6%). This is considered an important improvement, since in previous studies, errors exceeded 25% (Zambra et al., 2014) . In general, it is observed that the increase of temperature, brine concentration and flow velocity cause the volume of the juice to decrease at a faster pace. The results showed that juice concentration curve (brix degree) has an exponential shape, which is in agreement with previously experimental studies of OD of juice (Cassano and Drioli, 2007) . From the observation of the concentration curves, initially no sudden change in the juice concentration are expected. These curves can be used to determine the time at which the juice reached some predetermined concentration (brix degrees). This would allow for the calculation of the amount of salt (CaCl 2 ) that should (Zambra et al., 2014) .
be added to the brine to increase its concentration up to a certain level, and consequently, continue to concentrate the juice at a determined rate. (11) are, w 1 ¼ 2:69E À 6, w 2 ¼ 0, l ¼ À7:8E À 4 and, a ¼ 2. The values vary between 2.56E-6 m 2 s À1 and 1.36E-6 m 2 s À1 . The calculated values of DwaðX s ; pÞ are between 2.51E-5 m 2 s À1 and 1.33E-5 m 2 s À1 . This indicates that there is an error when using a constant value of the air vapor diffusion coefficient.
Due to the manufacturing design of the membrane modules, areas with different velocities can be found. Non-homogeneous velocity fields are produced on the fibers'
surface. The behavior of these velocity fields can be observed inside the hollow fiber modules in a study done by (Kaya et al., 2014) . In this study, it was possible to observe areas of both high and low velocities on the surface of the fiber. The mass transfer (gas) through the membrane is affected by these non-homogeneous velocity fields. There is a close relation between the local mass transfer coefficient by convection and local surface velocities. A last numerical case was studied using a volumetric flow of 0. zones of high and low velocities on the external surface of hollow fibers and quantify the effects on the gas mass fraction distribution inside the membrane. Three cases of superficial velocity fields are presented. The velocities values on zone (a) were 4.32E-2 m s À1 (case 1), 3.18E-2 m s À1 (case 2) and 2.04E-2 m s À1 (case 3). For the three cases, the velocity value on zone (b) was 9.09E-3 m s À1 . The results of the gas mass fraction at different times are presented in Fig. 6 . A larger mass fraction of gas is transferred into the membrane from the higher velocity zone (a). After 1 min (case 1), 1.6 min (case 2) and 2.6 min (case 3), the mass fractions on the external surface of the membrane in this zone (a) are 37.3 %w/w, 32 %w/w and 25.9 %w/ w, respectively. These values in decreasing order go in line with the velocities that were imposed, also in decreasing order, which indicates coherence in the results.
On this zone (a) and at the same minutes, the concentration at the internal surface of the membrane reaches maximums of 78.7 %w/w, 77.1 %w/w and 74.5 %w/w for the cases 1, 2 and 3, respectively. On the internal surface of zone (a), the gas accumulates, because the brine may not incorporate more gas in the liquid phase. At these same times, on the low velocity zones (b) a constant mass fraction of 16.5 %w/w is observed, since superficial velocity imposed in this area was the same for all cases. For cases 1, 2 and 3 in the second column of Fig. 6 , the gas mass fractions inside the membrane when steady state is reached are presented. The times at which this occurs are 22.3 min, 25.5 min and 39.6 min. The steady distribution occurs, because the saccharose mass fraction in juice increases (brix degrees) and hence the fraction of water in juice decreases, while in the interior of the hollow fiber the brine is diluted and so decreases its ability (osmotic potential) to incorporate more water.
The saturation pressure of both solutions tends to be equalized, so that the liquidgas phase change rate necessary for the mass transfer through the membrane decreases. This makes the effect of the fluid velocity negligible for the mass transfer.
The steady state is evident while observing the gas mass fraction values which on the external surface, in all cases, reach approximately the same value, 22.6 %w/w, but at different times while on the inner surface, these are slightly different: 73.5 %w/w, 72.1 %w/w and 71 %w/w for cases 1, 2 and 3 respectively.
From the results of the simulations, it can be confirmed that the inhomogeneous distribution of velocities on the outer surface of the hydrophobic hollow fiber membranes affects mass transfer significantly, but only at the beginning of the process when there is a high concentration of water available to be evaporated. Given that the water in the juice decreases and the brine is diluted, the vapor pressures of the juice and brine tend to balance. The distribution of the gas mass fraction inside the membrane becomes one dimensional and the velocities on the surface of the fiber becomes less relevant.
From the results of this work, it is possible to visualize the effects that different flow velocities on the surface of a hollow fiber can have on gas mass transfer inside it.
From these observations, the designs to favor the maximum velocities distribution on its surface can be improved and thus enhance mass transfer and efficiency of the modules.
In future research, the mathematical model and the computational simulation can be extended to consider the momentum equations inside the membrane module. An algorithm that enables the coupling of momentum, energy and mass equations would allow to describe the velocity fields in the outside of the fibers with higher accuracy. Such a development, combined with the results presented in this study, would allow for a more accurate calculation of mass transfer in OD processes.
Conclusions
A bi-dimensional mathematical model that includes UNIFAC and ASOG methods to obtain water activity at the interphases juice-membrane and membrane-brine was solved with the Finite Volume Method (FVM) to calculate the concentration of gas inside of a hydrophobic hollow fiber membrane used for OD of juices.
Simulations were carried out in two dimensions to include the effect of a nonuniform velocity field at the external surface of a hollow fiber of cylindrical shape.
The velocity field has a direct effect on the mass advection coefficients that influence the mass transfer inside the membrane. The performed numerical simulation showed that it is possible to obtain higher or lower transmembrane fluxes depending on the velocity field that exists at the surface of the membrane. This velocity field can serve to improve the design of the cartridge that contains the hollow fibers and the shape of the fiber itself.
As noted in this article, the manufacturing of higher efficiency membrane modules is a continuous challenge. From this study, it can be concluded that to improve the description of the OD process, it is necessary to obtain the effective diffusion coefficient within the membrane, and to consider both the geometry of the hollow fibers and the effect on the velocities field over its surface.
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